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1 Introduction and the main theorem 

We consider the homogeneous incompressible Hall magnetohydrodynamics(Hall-MHD) 
equations: 

^ du 

——h u ■ Vn -|- Vp = (V X B) X B + uAu + f, 

t/o 

I 

^ — - V X (ux B) + X ((V X B) X B) = /lAB + V x g, 

ot 

V ■ w = 0, V ■ .B = 0, 

where the three dimensional vector fields u = u{x,t) and B = B{x,t) are the fluid 
velocity and the magnetic field respectively. The scalar field p = p{x, t) is the pressure, 
while the positive constants u and p represent the viscosity and the magnetic resistivity 
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respectively. The given vector fields f and V x g are external forces on the magneti¬ 
cally charged fluid flows. The system has been studied first by Lighthill |T3] in 1960. 
We notice that comparing with the usual MHD system, the Hall-MHD system contains 
the extra term V x ((V X B) X B), called the Hall term. The inclusion of this term is 
essential in understanding the phenomena of magnetic reconnection, meaning the change 
of the topology of magnetic field lines. This is observed in real physical situations such 
as space plasma mm, star formation [21] and neutron star [19]. There are also many 
other physical phenomena that requires the Hall-MHD system to describe them (see e.g. 
[1511201DE] and the references therein). The Hall term is quadratically nonlinear, con¬ 
taining the second order derivative, and it causes major difficulties in the mathematical 
study of the Hall-MHD system. Thanks to the orthogonality in of the Hall term with 
B, however, the energy inequality similar to the usual MHD case holds true. Using this 
fact the construction of the global in time weak solution can be achieved without any 
difficulties, as has been shown in [T]. Observing similar cancellation properties of the Hall 
term, the local in time well-posedness as well as the global in time well-posedness for 
small initial data was also established in [3], and has been refined in [1]. Regarding the 
question of energy conservation for weak solutions in the inviscid case we refer to [7]. For 
a special form of axially symmetric initial data the authors of [8] proved the global in time 
existence of classical solutions to the system. On the other hand, the optimal temporal 
decay estimates are obtained in [S]. 

Concerning the regularity of weak solutions, one can expect that the problem is more 
difficult than the Navier-Stokes equations and the usual MHD system. Even the problem 
of regularity of stationary weak solution has essential difficulty with current methods 
of the regularity theory, which is contrary to the case of the stationary Navier-Stokes 
equations. The partial regularity of stationary weak solutions has been obtained recently 
by the current authors (cf. [6]). In the present paper we investigate the partial regularity 
of weak solutions of the non-stationary system. For the Navier-Stokes equations there are 
many publications on this direction of study (see e.g. [IH] 1211121 EH [23] )• case 

of the 3D Hall-MHD system in however, we encounter again essential difficulties in 
constructing suitable weak solutions, satisfying desired form of localized energy inequality. 

In the current paper we focus on the case of 3D valued Hall-MHD system on the 
plane, which is sometimes called the 2| dimensional system. Physically the situation 
corresponds to the full 3D system having the translational symmetry in the direction. 
In this case, as will be shown in detail below, although we cannot construct suitable 
weak solution, satisfying the localized energy inequality, instead, we could construct an 
approximate system, for which we can deduce Caccioppoli-type inequalities to obtain 
“approximate singular set”, and then by passing to a limit in an appropriate sense, we 
can show that there exists a possible singular set for the limiting weak solution, whose 
Hausdorff dimension is at most two. When we try to apply the similar idea to the full 
3D non-stationary system defined on R^, we have difficulty in constructing a sequence of 
the approximate weak solutions, the compactness of which is strong enough to pass to 
the limit. Therefore, we leave the proof of partial regularity of the full 3D non-stationary 
system as an open problem. We now formulate our problem more precisely, and state our 
main result. 
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We concentrate on the following 3D valued Hall-MHD system in Q = x (0,T). 

( 1 . 1 ) dtu + {u ■ V)tt — Au = —Vp + {V X B) X B + f, 

(1.2) dtB + V X {B X u) — AB = —V x ((V x B) x B) + V x g, 

(1.3) V-'n = 0, V-B = 0 

together with the initial condition 

(1.4) u = Uq, B = Bo on x {0}, 
which satisfy 

(1.5) V ■ Wo = V ■ Bo = 0 on 

Here, u = (ui, M 2 , ^s),= (- 81 ,- 82 ,- 83 ), where Uj = Uj{xi,X 2 ,t), Bj = Bj{xi,X 2 ,t),j = 
1,2,3, and p = p{xi,X 2 ,t), {x,t) = {xi,X 2 ,t) G Q. Note that we set z/ = = 1 for 

convenience. For the dehnition of weak solution see Dehnition ll.il below. The aim of 
the present paper is to prove the existence of a weak solution to the Hall-MHD system 
(fTTD-fOD. which is Holder continuous outside of a possible singular set together with 
the estimation of its Hausdorff dimension. We set = {n G | V ■ n = 0}, where the 
derivative is dehned in the sense of distribution. We also dehne H^(Q) = L°°(0,T; L^) fl 
L^(0,T; kF^’^). By Hjy(Q) we denote the space of all u G V‘^{Q) such that V ■ w = 0 in 
the sense of distribution in Q. 

Notice that using the formula (w ■ V)w = (V x w) x w -|- ||wp, one can rewrite fll.ip 
into 

/ I wP \ 

(1.6) dtU -|- (V X w) X w — Aw = —V yp -I- + (V x B) x B -|- / in Q. 

Applying V x to the both sides of the above, we get 

(1.7) dtCiJ -|- V X (a; X w) — Au> = V x ((V x B) x B) + 'V x f in Q, 

where lj stands for the vorticity V x w. Taking the sum of (II.2p and (II.7p . we are led to 

(1.8) dtV+ V X {V X u) - AV = V X {f+ g) in Q, 
where 

(1.9) V = B + u;. 

Since V • W = 0, there exists a solenoidal potential v such that V x v = V. From fll.81) 
we deduce that v solves the following system in Q, 

(1.10) V-w = 0, 

(1.11) dfV -|- {v ■ V)w — Aw = —Vvr + (V x v) x b + f + g, 

where b = v — u. Clearly, V x h = B. 

We now introduce the notion of a weak solution to the system fll.ll) - fll.5p . 
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Definition 1.1. Let f,ge L^{Q). We say {u,p,B) e Vl^{Q) x L‘^{0,T; x Vl^{Q) 
is a weak solution to fll.3p - fll.4p if 


( 1 . 12 ) 


(1.13) 


{—u ■ dt^p + Vn ; Vif — u ^ u : Vifi)dxdt 


Q 


= j pV ■ (fdxdt + j ((V X B) X B + f) ■ ipdxdt + J Uq ■ (p{0)dx, 

Q Q R2 

j {B ■ dtp> + V-B ; V(p + B X n : V X (p)dxdt 
Q 

= J ((V X B) X B + g) ■ V X ipdxdt + J Bq ■ (p{0)dx 


Q R2 

for all if G x [0, T)). Here we used the notation A : B = Y^^j=i matrices 

A,BgM3x3_ 

By we denote the local Morrey space, which is defined in Sections below. 

Our main result is the following theorem. 


Theorem 1.2. Let Uq e Ll,. , Bq G and f,gG LF‘{Q). Moreover, we suppose that 
9 e Mtt {Q) for some 2 < A < 4. Then, there exists a weak solution {u,p,B) G 
14i(Q) X L\0,T;Llf) ^ Kfiv(Q) lll-ip - fll.Sp being a-Holder continuous outside of a 
closed subset set H(B) C Q of Hausdorff dimension less than or equal to two, where 
0 < a < 

The paper is organized as follows. In Section 2 we discuss local estimates of weak 
solutions to the approximate system related to (II.2p involving the magnetic field B. 
Thanks to the validity of the local energy equality (see fl2.4l) below) we are able to establish 
a Caccioppoli-type inequality, which plays a central role in the proof of the fundamental 
estimate in Sections (cf. Lemma lT^ . To achieve this result we make use of an indirect 
argument together with the fundamental estimate which holds true for the corresponding 
linear limit system (cf. Lemma ITTp . The aim of section Section 4 is the construction of 
an approximate solution to system fll.ip - fll.Sp along with the required a priori estimates. 
Furthermore, passing to the limit in the approximate system we get a weak solution 
to fll.ip - fll.5p . In Sections we prove that the weak solution constructed in Section4 
fulfills the required partial regularity property stated in Theorem ll.2p the main result 
of the paper. We wish to remark that even for the weak solution to the system under 
consideration constructed in a suitable way, a corresponding local energy inequality similar 
to the case of the Navier-Stokes equation may not be available. For this reason in the 
proof of the main theorem we are only able to work on the approximate solutions using 
Lemma lT^ The estimation of the parabolic Hausdorff dimension of the singular set is 
obtained by Theorem l5.ll the proof of which can be found at the end of Section 5. For 
readers convenience we added an appendix which contains the definition of the parabolic 
Holder space C“’“/^(Q), the parabolic version of the Poincare inequality and an algebraic 
lemma which will be used in the proof of Theorem l5.ll 
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2 Caccioppoli-type inequality for the approximate B 
system 

Let g,u ^ L‘^{Q) be given. For fixed 0 < 5 < 1 we consider the following system for B 
approximating fll.2|) 

dtB - AB 

(2,1) =-Vx(vxSx^-^)+Vx(„x^-^)+Vxg in (J. 

We start our discussion with the following notions of a weak solution to fl2.ip . 
Definition 2.1. A vector held B G V^IQ) is said to be a weak solution to fl2.1l) if 


J{~B ■ dt^p + VB : Vp)dxdt 


Q 


( 2 . 2 ) 


J {V X B — u) X ^ ^ pdxdt + J g V X pdxdt 

Q Q 


for all p e 

Remark 2.2. Let S be a weak solution to fl2.ip . Then, fl2.2p yields the existence of the 
distributional time derivative B' G L^(0,T; determined by the identity 


(2.3) 


{B'(s), dx + J VB{s)V^pdx 


(V X B{s) — u{s)) X 


B{s) 


l + 6\B{s)\ 


■ V X V’dx + / g'(s) • V X xl)dx 


for all t/j G IF^’^(M^) and for a. e. s G (0,T). Inserting il^{x,s) = (j){x, s){B{x, s) — A) 
into fl2.3p with 0 G C^(Q) and a constant vector A G integrating the result over (0, t) 
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(t G (0,T)) and using integrating by parts, we obtain the following local energy equality 


1 

2 


(j){t)\B{t) - \\^dx + J J (j)\VB\^dxds 

0 Q 



{dt(f> + A(())\B — A\‘^dxds 


0 R2 
t 


(2.4) 


+ 



B — u) X 

B 

1 + 6\B\ 

-.{{B- 

0 R2 



Jl<pnr 

B 

l + d\B\ 

■ V X Bdxds 

0 M2 

t 



j 1 {h- 

<1 

X 

to 

1 

g{B- 

A) X 

0 R2 







First, let us fix some notations which is used throughout the present and subsequent 
sections. Let Xq = (xo,to) E and 0 < r < +oo by Qr = Qr(Xo) we denote the 
parabolic cylinder Br{xo) x (to — r'^,to). Furthermore, for a function / G L^{Qr) we dehne 


fr,Xo ■= fQr= / fdxdt = — f 

Jq^ mes Qr J 

Qr 


fdxdt, 


where mesQr stands for the three dimensional Lebesgue measure of Qr- 

Let 0 < p < r. We call 6 G a cut-off function suitable for Qr and Qp if 

0 < 6* < 1 in R^, 0 = 1 on Qp, 6^ = 0 in (R^ \ Br) x {to — r^, to) U R^ x (—cxo, to — r^) and 
\dt9\ + |V0|2 + IV^^I < c(r - p)-2 in RL 

Now, we state the following Caccioppoli-type inequality. 

Lemma 2.3. Let g G Lf{Q),u G L^(Q) he given, and let B G V‘^{Q) he a weak solution 
to fl2.ll) . Then, for every cylinder Q^ = Qr{Xo) C Q and 0 < p < r there holds 


esssup j 9^\B — Br^xf^dx-\- / 9^\VB\^dxdt 

Qr 

(1 + \Br, '' 


< 


Br 

c 


(r - p)^ 


+ 


Xo\ ) I \B — Br.xJ'^dxdt 


Qr 


r — p 


*r,Xo\ 

\ 1/2 


'' f \ 1 /^ f P \ 

9^^fB-Br,xXdxdt\ I 9^-fVB\^dxdt\ 

Qr Qr 


(2.6) 


+ c J{\g\‘^9^\B\‘^\u\‘^)dxdt 


Qr 
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for all cut-off function 9 suitable for Qr and Qp (7 G [—3,3]), and 


(2.6) 

where c 


cr 


EipT < TZ—Tia + \Br,Xon{G{rr + Firr) 


(r-p) 


+ 


+ 


+ 


cr 


(r - pf 


(r - py 

4 

cr 

(r - pY 


:{G{rY + F{rY) 


'' Qr 


Qr ^ 


Igfdxdt + \Br^Xo\ / {ufdxdt >{G{ry F{ry) 


\uYdxdt{G{ry 


Qr 


const > 0 denotes a universal eonstant, and 


E{r) = E{r,Xo) = (-f \B - Br,Xoydxdt] 

\jQr{Xo) J 


\ 1/4 


Qr(Xo) 


\ 1/2 


G[r) = G{r,Xo) = ( -f \B — Br,Xo\‘^dxdt ) ,0 < r < 

'QriXo) ’ / 


Proof Let = Qr^Xo) C Q be a fixed cylinder. For 0 < p < r we take a cnt-off fnnction 
9 G C'°°(M^) snitable for Qr and Qp. 

From fl2.4p with (f = 9^ and A = Br, Xo we obtain the following Caccioppoli-type 
ineqnality 


esssnp j 9YB — Br^xf^dx + / 9YVBYdxdt 

B-p Qr 

< -^— J' jB — Br,Xoi^dxdt-h c J' jgY + 9'^jBYjuYdxdt 

Qr Qr 

—— / 9^\XB\ \B\ \B — BrXo\dxdt 
r - p J 


Qr 


(2.7) 


(r - pf 


J \B — Br,Xo\‘^dxdtc J \gY9^\BY\uYdxdtJ. 


Qr 


Qr 
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Let 7 G [—3, 3]. Applying Holder’s and Young’s inequality, we estimate 
c 


J < 


(r - py 


+ 


Br,Xo\'^ f \B - Br,Xo\‘^dxdt 

Qr 

(^j e^^yB - Br,xo\^dxdt 


r — p 


1/2 / /. \ 1/2 

e^-yvBydxdtj 

Qr 



1 

2 


eyvBydxdt. 


Qr 


Inserting the estimate of J into fl2.7l) . we are led to 

esssup / 9'^\B — Br^xol'^dx + / B^dxdt 

t&{to—r'^,to) J J 


Br 


Qr 


< + \Br,Xo\^) j ~ Br,Xo?dxdt 

Qr 


( 2 . 8 ) 


r - p 


+ c i {\gy + 9yBy\uy)dxdt 


Qr 


This proves fl2.5p . On the other hand, by means of Sobolev’s embedding theorem we get 

/ 9yB - Br,xXdxdt 
JOr 


< cr-^9\B - 

+ cr {r — p) \\d {B — Br^Xo)\\L°°{to-r^,to-,L'^{Br))\\^ ~ ^r,Xo\\L^(Qx) 


(2.9) 


< 


— + GirY). 


Combining (I2.8p with 7 = 1 and (I2.9p with help of Young’s inequality, we get 
/ 9YB - Br,Xo\‘^dxdt 

J Qr 


< 


cr 


(r - pY 
cr^ 

+ 


(r - py 


{l + \Br,xyYG{rY{F{rY + G{rY) 


-{F{rf + G{rY) 


( 2 . 10 ) 


+ 


(|c/|2 + 9yBy\u\Ydxdt{F{rY + G'(r)"). 


(r - pf 


Qr 


Estimating \B |2 < 2\B — Br^XfY^ + 2|.Br,VoP and applying Young’s inequality, we obtain 
fl2.6p . Thus, the proof of the Lemma is complete. ■ 




















Remark 2.4. From fl2.5p with 7 = —1 along with Young’s inequality we get 


ess 




sup [ \B{t) - Br,Xo\‘^dx] + F{p) 
-p^M) d J 

Bn 


< 


cr 


( 2 . 11 ) 


_{l + \Br,Xomr) + E{ry 
r — p ' 

+ ^{ll^l|2,Q.(^(?") + |^r,Xol) + ||^l||2,Q, 


Furthermore, using the parabolic Poincare-type inequality (cf. Lemma lA.il appendix 
below), we hnd 


\B — Br,Xo\dxdt 


Qr 

< c{l + \Br,Xo\‘^)^'~‘^ J \'^B\‘^dxdt 


Qr 
| 2\„-2 


+ c(l + \Br,Xo\ p / (Ifl'l + \u\ )dxdt 

Qr 


( 2 . 12 ) 


+ Civ ^ [{\S/B\^ + \u\^)dxdt-I 

J J Qr 

Qr 


\B — 


with an absolute constant Ci > 0. Thus, assuming that 

(2.13) Ci\r~^j\VB\^ dxdt + j \u\‘^dxdi^ 

^ Qr Qr 

(I2.12P leads to 

(2.14) G{r) < c(l + |R,,Xol)(i"(r) + H{r)), 
where 


1 

“ 2 ’ 


H{r) = H{r,Xo) = r ^\\g\\ 2 ,Qr + ||'f^|| 4 ,Q,, 0 < r < 

Substituting G{r) on the right of fl2.6p by fl2.14p . setting p = | therein, we arrive at 

(2.15) E{r/2) < 6 - 2(1 + \Br,Xo\^)\^E{r) + E{rf + H{r) + 

with an absolute constant 62 > 0, provided fl2.13l) is fulhlled. 

From 02.111) with p = | we deduce that 

(2.16) E{r/2) < 63(1 + \Br,Xo\){E{r) + E{rf + H{r) + H{rf^ 
with an absolute constant 63 > 0 . 
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3 Blow-up lemma 

In what follows we define the space 

V\Qr) = L^{to - to; W^^\Br{xo))) n L-(to - L\Br{xo))) 

for Xq = (xo, to) and 0 < r < +cxo. 

We begin our discussion with the following fundamental estimate for solutions to the 
model problem in Qi = Qi(0, 0), which will be used in the blow-up lemma below. 


Lemma 3.1. Let A G Let W G L^{Qi) such that W\q^ G V‘^{Qa) for all 0 < a < 1 
solves 

(3.1) dtW - AW =-V X {{V xW) X A) in 
in sense of distributions, i. e. 

t 

j W{t) ■ ^{t)dx + j ji-W ■ dt^ + VW : V^)dxds 




-1 Bi 


(3.2) 



((V X W) X A) ■ V X ^dxds 


-1 Bi 


for all $ G compactly supported in Qi, for a. e. t G (—1,0). Then, 

\ 1/4 


(3.3) 


W-W 


Qt 


Qt 


^dxdt^ < C'or(l -|- IA|^) (^-j- 


W-W 


Qi 


\ 1/4 

"^dxdt j 


for all 0 < T < 1, where Cq > 0 denotes a universal constant. 

Proof Since the assertion is trivial for | < r < 1, we may assume that 0 < r < Let 
C G C^(M^) be a suitable cut-off function for Qr and Qi/ 2 - Inserting the admissible test 
function $ = (^^(W — W b^) (m G N) into (13.21) . by using Cauchy-Schwarz’s inequality 
along with Young’s inequality, we are led to 


esssup / C^\W{t)fdx+ / C"^\VWfdxdt 


te(-i,o). 


Bi 


Qi 


(3.4) 


< c(l + |A|'^) j C"'-‘^IW - Wq^ 


^dxdt. 


Qi 


If W is smooth in Qi, since (13.ip is a linear system, the same inequality holds true for 
D°'W in place of W for any multi-index a. By a standard mollifying argument together 
with Sobolev’s embedding theorem we see that W is smooth in Qi. By an iterative 
application of (|3.4p with m = 4, 3, 2,1 we obtain 


(3.5) 


esssup f (^\D°'W\'^dx < c{l + \A\^) f \W — WQf‘^dxdt V|a|<3. 
ie(-i,o) J J 

Bi Qi 
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By means of Sobolev’s embedding theorem and Jensen’s inequality we get 

(3.6) < c(l + |A|“) flW- WQfdxdt. 

Qi 

Applying Poincare’s inequality, we arrive at 

(3.7) -f \W- WQj^dxdt < CT*(1 + lAI-)!!VlV||y„ . 

Jq^ 

Combination of (I3.6p and (13.71) gives the desired estimate. ■ 

In our discussion below we make use of the notion of the Morrey space. Let K G Q 
be a compact set. Dehne, dx = min{t G {0,T) \ t E K}. We say / belongs to the Morrey 
space if 


[f]MP-\K ■= sup r 


Ifl^dxdt 


Qr{Xo) 


Xq E K,0 < r < dx (■ < +oo 


Furthermore, by / G we mean / G for all compact set K C Q. 

Now we are ready to state the following key lemma. 

Lemma 3.2. Let g E for some 2 < A < 4. For every 0 < r < |,0 < 

M,L < +CX 0 , compact set K C Q and 0 < a < there exist positive numbers Eq = 
Eq^t, M, L, K, a), Rq = Ro{t, M, L, K, a) < dx and Jo = Jo('r, Af, L, K,a) < 1 such that, 
if B E V‘^{Q) is a weak solution to i\2.1^ with 0 < J < Jo and u E such that 


(3.8) ||'U'||8/(4-A),Q < L, 

and if for Xq E K and 0 < R < Rq the following condition is fulfilled 


(3.9) \Bfi^Xo\ ^ M, E{R, Xq) + R°‘ < Eq, 
then there holds 


(3.10) E{tR,Xo) < 2tCo{1 + M^){E{R,Xo)+R'^), 

where Co > 0 stands for the constant appearing on the right hand side of fl3.3p . 

Proof Assume the assertion of the Lemma is not true. Then there exist 0 < r < 
|,0 < M,L < +00, a compact set iP C hi and 0 < a < as well as sequences 

{Ek],{5k} C (0,1) with Ek,5k -)■ 0 as /c -)■ +cx), {Rk} C {0,dK), {Xk} = {{xk,tk)} C K, 
C L8/(4-A(Q) fuimiing 

(3.11) ||li('’)||8/(4-A) <L VfcGM, 

and a sequence C V^{Q), being a weak solutions to (12.Ih replacing u by and 

J by Jfc respectively, such that 

(3.12) < Af, Ek{Rk, Xk)Rf = Ek 
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and 

(3.13) Eu{TRk,Xk) > 2 tCo{ 1 + M^){Eu{Rk,Xk) + Rl). 
Here we have used the notation 

\ 1/4 


Efc(r, Xk)=(-f l^dxdt] , XkeK,0<r<dK 

yjQriXk) ’ / 


'Qr{Xk) 

(fc G N). Note that fl3.12p yields —)■ 0 as fc —)■ +cx3. 

Next, for Y := {y, s) G Qi(0) we define 

Wk{Y) = -{B^^\xk + RkV, tk + Rl 

£k 

Vk{Y) = {xk + RkV, tk + i?fcs), 

9k{Y) = g{xk + RkV, tk + Rls), 

(fc G N). Furthermore, we set 


B 


(fc) N 
Rk,Xk''> 


<^k(o') — 


\ 1/4 

\Wk-{Wk)Qj^dyds) , 
Qa / 


0 < (J < 1. 


Then fl3.12l) and (13.131) turn into 


(3.14) 

and 


\B 


(fc) 


Rl 


Rk,Xk\ — ~ 


(3.15) 4(r) > 2rC'o(l + M^) (^(1) + ^) = 2rC'o(l + M^) 

' S h ^ 

to QR^{Xk) takes the form 


respectively. 

Using the chain rule, restriction of system 


dtWk - AWk 

= - V X ( (V X Wk) X 


SiWi. + 


1 + h\EtWt + 


(3.16) 


Rk „ I 

H--V X Ufc X 


+ Sg’ 


in Qi. Thus, Wk & is a weak solution to fl3.16p . 


Rk vv 

H ^ X 9k 

£k 


(k) 

Let 0 < cr < 1. Using the transformation formula, noticing that < M, the 

Caccioppoli-type inequality (12.lip with r = Rk and p = aRk turns into 

\\Wk\\L°°{-a'^fi-,L'^(B„)) + ||VVUfc||2,B^ 

<c(l —cr) ^ (^1 + M)S’k{l) + SkS’kiEf^ 

(3-17) + -^^{\\u^^"‘h,QR^(Xk){^kSk{l) + M) + llsIh.QKjVfc))- 
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As Qf. G observing fl3.14|] . we see that 

p —1 p (^~ 2)/2 



(A-2)/2-Q! 



’k 


Similarly, by fl3.1ip and fl3.14p we get 



Thus, from fl3.17p with help of fl3.18p . fl3.19l) and fl3.14|) we obtain 

(3.20) \\Wk\\L°°{-c7^,0;L^{B„)) + IIVVl^fc|| 2 ,Q^ < c(l — CT) ^(M + 1) + + L). 


In addition, in view of fl3.14p we estimate 


(3.21) \\WkhQ, = (mes5i)^/Vfc(l) < (mesEi)'/^ 

From fl3.20p and fl3.21l) it follows that {Wk] is bounded in V'^{Qa) for all 0 < cr < 1 and 
bounded in L^{Qi). Thus, by means of reflexivity, eventually passing to subsequences, 
we get W G L‘^{Qi) with W G V‘^{Qa) for all 0 < a < 1 and A G such that 


(3.22) Wk ^ W weakly in L^{Qi) as fc —)■ +oo, 

(3.23) VWk ^ VW weakly in L^{Q„) as A; ^+oo V0<(T<1, 

(3.24) VFfc —VF weakly* in as fc —)■+cx) V0<cr<l, 

(3.25) Afc —A in as k ^ +oo. 


On the other hand, from (13.161) we deduce that the sequence of distributive time derivative 
{W^} is bounded in From this fact together with (13.221) it 

follows that 

(3.26) VFfc —!■ VF strongly in L^{Q^) as /c —)•+cxo V0<(T<1. 

Thus, we are in a position to carry out the passage to the limit k —)■ +cxo in the weak 
formulation of (I3.16j) to deduce that VF is a weak solution to the linear system (13.ip . 

Our next aim is to prove the strong convergence of VF^ —)■ VF in L‘^{Qa) (0 < a < 1). 
We first state the following energy equality. 




-1 


(3.27) 



1 + 


Tfl'/c X {4>^Wk)dyds 


■ {Wk X V(p‘^)dyds 


-1 Bi 
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for alH G [—1,0]. In view of fl3.22p . fl3.23p . fl3.25p and fl3.26p on both sides of fl3.27p with 
t = 0 letting k —>■ +cxd, we infer 


lim 

k^OO \ 2 


ct)\^)\Wkm^dy+ U‘^\VWk?dyds 


Bi 


Qi 


(3.28) 


1 

2 


+ ^(i)‘^)\W\^dyds - {V xW)x A-{W x V(j)‘^)dyds. 


Qi Qi 

Since VF is a weak solution to fl3.ip . there holds 

^ f 02(O)|VF(O)pd2/+ f (l)‘^\VW\‘^dyds 




(3.29) 


1 

2 


Qi 

+ A(j)‘^)\W\‘^dyds - I {V x W) x A ■ {W x V(f^)dyds. 


Qi 


Qi 


Noticing that 


I (0(O)iyfc(O),0VWfc) ^ (0(O)W(O),0VW) 

I weakly in L‘^{Bi) x L‘^{Qi) as A; —)■ +cxd 
from fl3.28p and fl3.29p . we deduce that 

VVFfc—)-VVF strongly in L^{Qa) as fc —)■+cxo V0<cr<l. 


Accordingly, 


(3.30) lim <^fc(cT) = Si^a) VO < a < 1, 

fc^OO 


1/2 


where Sicr) = \W — WsJ'^dyj . In particular, thanks to fl3.30p (with a = 
from fl3.15p we get 

(3.31) >2tCo{1 +M^). 

Since VF is a weak solution to (13.ip and |A| < M, appealing to Lemma IXTl we hnd 

(3.32) ^{t) <tCo{1 + 




On the other hand, by virtue of the lower semi continuity of the norm together with fl3.15l) 
and fl3.30p we get 


^(1) < lim inf 

k^oo 


4(1) + ^) < 


/ 2x00(1 + Af^) k—>-oo 


lim ^fc(r) 


2 x 00(1 + M5) 


<f(x) 


Estimating the right of fl3.32p by the inequality, we have just obtained we are led to 
(f(x) < |^(x) and hence <^(x) = 0, which contradicts to fl3.3ip . Whence, the assumption 
cannot be true, which completes the proof of the Lemma. ■ 


14 































4 Construction of approximate solutions 

The aim of the present section is to construct a weak solution of the Hall-MHD system 
(flTD-drsD as a limit of a sequence of solutions to the a corresponding approximate sys¬ 
tem. As we will see in the following section, such solution will satisfy the desired partial 
regularity as stated in the main result of the present paper. 

Let {Sm} C (0,1) (m G N) be a sequence, such that t 0 as m -|-cx). Now, we 
consider the following approximate system 




OJr 


X Ujji 


(4.1) 


1 T 

— ^Pm T (V ^ .®m) X 


Br 


1 T I Bjra I 


+ f 1 


X 


Br 


X I ^Bjn 


(4.2) 

(4.3) 


1 + 6m\B 

= -V X ( V X Bm X 


B. 


1 T ^m I Bjyi I 

V ■ Itm = 0, V ■ Bra = 0, 


+ V X c/. 


in Q = X (0,T), together with the initial condition 
(4.4) Ua, = uo, Bm = Bo, in x {0}. 

Here {um.Pm-, Bm) e fd(^(Q) x L'^{Q) x ^^^(Q) is called a weak solution to (|4.1|) - (|4.3p if 

j {-Um ■ dt(p + VUm ■ VV? -Um®Um- V(p)dxdt 
Q 

/ ((V X Bm) X ^7p i ) ■ ^dxdt + [ f ■ (pdxdt, 
J ^ J 

Q Q 

J {—Bm ■ dt(p + VBm : Vip)dxdt 


(4.5) 


= j Pm^ ■ ^dxdt -|- 
Q Q 


Q 


(4.6) 


^(V X Bm '^m) X 
Q 


Br 


1 + 6m\Br 


V X cpdx + / gr ■ V X cpdxdt 


Q 


for all (f G C^{Q). 

The existence of weak solutions to fl4.ip - fl4.4p is given by the following 

Lemma 4.1. Let Uq e Ll^ ,Bo G and f,gE L‘^{Q). Then for every m G N there 
exists a weak solution {um,Pm-, Bm) G Vf^^{Q) x L‘^{0,T] x va.(Q) to gu-gaii, 
such that 


(4.7) VumeV^Qr), VQ, CQ. 
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Furthermore, this solution fulfills the energy equality 


llMml + i||S„(i)||l + f (I|V«„(<.)||1 + ||VS„(s)||2)* 


(4.8) =^111*0112 + ^1150111+/ j(f+ g-V X B„)dxda 

0 R2 


for a. e. t e (0, T). 

Proof Let m G M be fixed. Let —)■ O’*" as / —)■ +cx). By using the well-known monotone 

operator theory we get a weak solution Pm,ii Bm,i) G 
of the following approximate system 


dfU 


t ^m,l 






(4.9) 


//t-Bm.i+V X 


1 + 5 

m \Bm,l \ + fil\V m,l 

~ ^Pm,l + (V X BjYifi X 

Bm,l 


Br 


1 + 5m I Bm,l I + 


+ f 5 


1 + 5m I Bjji i I + I V m,Z | 


^ '^m,l ^B 


(4.10) 

(4.11) 


m,l 
Bfyi I 


= —V X V X Bm I X - , 

1 + 5m Bm,Z + dz V, 


m,/ 1 


+ V X c/ 


V ■ '^m,l 0; 


V ■ Bm.i — 0 


in Q = X (0,T) together with the initial condition 


(4.12) = uq, Bm,i = Bo, in x {0}, 


where 


^ m,Z ^m.,1 + Bjyii- 

Clearly, the energy equality (14. 8 h holds true with Um,i in place of Um and Bm,z in place 
of Bm respectively. In particular, both {'Um,z} and {Bm,z} are bounded in V‘^(Q). Thus, 
by a standard refiexivity argument along with Banach-Alaoglu’s compactness lemma, 
eventually passing to a subsequence, we may assume there exist G Vjiv(Q) and Bm G 

^diviQ) 

(4.13) WUm^l —)■ Vtim, '\/Bm,l —^ VBm weakly in L‘^{Q), 

(4.14) Um,i ^ Um, Bm,i ^ Bm Weakly* in L°°(0,T;L^) as / — )• +cx). 

Furthermore, by Lions-Aubin’s compactness lemma we see that 

(4.15) Um,i Um, Bm,i Bm strongly in L^{Q) as I -)■ +cx). 

Hence, thanks to fl4.13p . fl4.14p and (14.151) we are in a position to carry out the passage 
to the limit I —)■ +cx) in the weak formulation of fl4.9p - fl4.lip . Accordingly, there exists 
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Pm e L2(0,T;LL) such that {um,Pm, Bm) is a weak solution to fl4.ip - fl4.4p . Verifying 
that Um and Bm satisfying the energy equality fl4.8p . it follows that 

(4.16) ^ Bm,l —> VBm strongly in L?‘{Q) as I —)■ +cx). 

As V‘^{Q) ^ L'^iQ) from fl4.16p we infer 

(4.17) Um,i —!■ Umi Bm,i Bm stvongly in L‘^{Q) as I —)• +cx). 


Next, applying Vx to both sides of fl4.9p and combining the result with fl4.10p . we are 
led to 


(4.18) 


dtV. 


't y m,l 


AVm,l = -V X 


m,l 


1 + 6m\Bm,l \ + 


m,l I 


X Um,i^ + V X h, in Q, 


where h = g + f. By using a routine smoothing argument one gets Vm,i ^ V'^iQr) for 
all Q^cQ. _ _ 

Now, let = QriXo) C Q be arbitrarily chosen. Let 6 G C^{Br x {to — r‘^,to]) be a 
test function suitable for Qr/ 2 - Testing fl4.18p by 9‘^Vm,i, we get 


1 

2 


9‘^{t)\Vm,i{i)\‘^dx + 



9^\VVmi\ dxds 


Br 


to—r'^ Br 


1 

2 



{dt9‘^ + A9‘^)\Vm,i\‘^dxds 


to—r^ Br 
t 


(4.19) 



V, 


m^l 


to —Br 


1 m^l m,l I 


X Um,l - /ij ■ V X {9^Vm,i)dxds 


for a. e. f G {to — to). From the above identity using the embedding V‘^{Qr) ^ B{Qr), 
it is readily seen that 

\ 1/2 

9^\Vm,i\*dxdt j 


Qr 

<c esssup I 9‘^{t)\Vm,i{t)\‘^dx + c j 9'^\Wm,i\‘^ + r~‘^\Vm,i\‘^ + \h\‘^dxdt 


Br 


Qr 


<cr (1 + ll'Um.iD / \VraA dxdt + c\\h \\2 

Qr 


(4.20) 


+ C\\UmAU,Qr(yj d'^\yrnA‘^dxdt^ , 

Qr 
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with an absolute constant C* > 0. As G L^(Q), we may choose 0 < r < such that 
< j- Observing fl4.17p . there exists /q G N such that C\\um,i\\^,Q^ < | for all 
I > lo- Accordingly, fl4.20p implies 


(4.21) e‘^\V^^i\*dxdt^ <cr ^{I + \\u„i^i\\l) j\ujm,i + Vm,i?dxdt + c\\h\\l 

Qv Qr 

for I > Iq. Since the right of (I4.2ip is bounded independently of / G N, by a constant 
C{uq, Bo, f,g) by virtue of the lower semi continuity of the norm from (I4.2ip together 
with and we get 


(4.22) ||Wm|| 2 ,Q ^/2 + ||T^m||l,°°(to-r-2/4,to;n2(Sr/2)) + II II 4,Q^/2 < C {uq, Bq, f, g), 

where Vm = + V x n^. By applying a standard covering argument, since B^ G 

we see that V x G V^^Qr) for all Qj. C Q. Whence, the assertion follows from the 
inequality 


||VWm|| 2 ,Q ,/2 < Cr ^(||Wm|| 2 ,Q, + ||V X Um\\2,Qr) 

which completes the proof of the lemma. ■ 

Next, we are going to carry out the passage to the limit m —)■ +cxo, which can be done 
by an analogous argument used in the proof of Lemma l^Al Observing the energy equality 
fl4.8p . we find that both {Um} and {Bm} are bounded in V‘^{Q). Eventually passing to a 
subsequence, we get the existence of u, B E Kfiv(Q) 

(4.23) Vn^ —> Vit, VBm —t VS weakly in L^{Q), 

(4.24) Ura —t u, Bm,l —t Bm weakly* in L°°(0,T;L^) as m ^+oo. 

Furthermore, by Lions-Aubin’s compactness lemma we see that 

(4.25) Um -E U, Bm —t B strongly in L^{Q) as m ^ +oo. 

With the aid of fl4.23l) . fl4.24|) and fl4.25p we are in a position to carry out the passage to 
the limit m —)■ +cxd in the weak formulation of fl4.1l) - fl4.4p . which yields a weak solution 
{u,p,B) to ([iii])-([ri]). 

Our next aim is to get a strong convergence of n^. 

Lemma 4.2. Let Bm)} he a sequence of weak solutions to fl4.ip - fl4.4p obtained 

by Lemma\4fJ\ Furthermore, suppose fl4.23p - fl4.25p . Then, for every <Z Q there holds 

(4.26) Um —t u strongly in L‘^{Qr) as m —)■ +oo. 

In addition, for every Xo E Q there exists 0 < r = 'r(Xo) < y/to such that 

II Vn^m II 2,Qr 4“ IIIIL°°(to—-|- ||tJj„||4 Q^ 

(4.27) <C{uo,Bo,f,g) Vm G M. 
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Proof Let m G M. In view of Lemma HTTl taking the sum of fl4.ip and fl4.2p . we see that 
Vm = + Bm G Vyl^{Q) is a weak solution to the following system 


(4.28) dtVm - ^Vm = -V X ( , . 7 p I ^ + V X h, in Q. 

\ 1 + dm I -tfm I ' 

Here V|oc(Q) contains all (p G Lf{Q) such that G V‘^{Qr) for all C Q. 

Clearly, there exists G l^oc(Q) ^ ^ = Vm- Thus, from fl4.28p we infer 

that 

V 

(4.29) dtVm - = -Vtt^ - 7p I ^ - bm) + h iu Q, 

-L \ dm |-t>rn | 

where bm = Vm — Um- By the dehnition of Vm we have V x 6 ^ = Bm- 

Let Qj. (Z Q he hxed. Eventually, replacing Vm by Vmit) — {vmit))xo,r (t G —''"^,^ 0 ), 
observing fl4.23p . fl4.24p and fl4.25p . by virtue of Sobolev’s embedding theorem we easily 
verify that 

(4.30) Vm —t V weakly in L'^{Qr), 

(4.31) bm b strongly in L^{Qr) as m —)■ +cxo. 

Indeed, we note that |hm(^)xo,i?J = \um(t)xo,Br\ < \\Um\\L-°{o,T-,L^)- Consequently, by 
Sobolev-Poincare’s inequality we see that ||hm||g,Qr — c\\Um\\L°°{o,T;L^) + c\\Bm\\L°°{o,T;L^) 
for every 1 < g < + 00 . Once more appealing to fl4.25|) . eventually passing to a subse¬ 
quence we may assume that 

(4.32) Bm B a. e. in Q as m ^ -|-oo. 

By means of Vitali’s convergence theorem, making use of fl4.31l) and fl4.32p . we get 

(4.33) - 7 E> —I b strongly in L^{Qr) as m —)■ -|-cx). 

Next, we dehne the local pressure 
V7Tm,l B ]^^(^/\Vm') ^ 

V7lm,2 = Eb, ( - . , ^7p I ^ ~ ’ 

V 1 -|- dm\^ra\ ^ 

V7lm,hra EB^iVmfj-, 

where Eb^ '- —)■ stands for the projection dehned by the Stokes 

equation. Note that the restriction of Eb^ to U{Qr) (1 < g < -|-cxd) dehnes a projection 
in L^{Qr) (cf. [23l [2l] for details). We also note that vrm,hm(^) is harmonic in Br for 
a. e. all t E (to — r‘^,to)- As it has been proved in [23]. fl4.29l) implies that the function 
Zm = Vm + V7!'m,hra ^ V‘^(Qr) solves the following system in sense of distributions 

Vm 

(4.34) OfZm V (TTm,! T '^m,2) r i pj T ^ T b, iu Qry 

^ “r \-^m \ 
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Let (f) G C^(Qr) be a non-negative cut-off function. Testing fl4.34l) by we obtain 
the following energy equality 


(jylV Zjnl'^dxdt 


Qr 


+ A(f))\zm\‘^dxdt + 




1 T djn B,fYi 


X bm + ■ (pZmdxdt 


(4.35) 

Verifying 


Qr Qr 

+ / (TTm,! + 7rm,2)V0 • Zmdxdt. 
Qr 


1 T 


X Ur 


L3/2(o,T;L6/5) 


^ m II2 IIII L6 (q^ C'('lto, . . .), 


we may estimate the pressure Tim ,2 in L^^'^iQr) by using the Sobolev-Poincare inequality 
as follows 


kr„,2||3/2,Q, < c\\VTTm,2\\L^/^{to-r^,to-,L^^HBr)) 


(4.36) 


< c 


Vr 


X Ur 


L3/2(0,T;I,6/5) 


+ c||h ,||2 < C{uq, ...). 


1 + dm\B 

Furthermore, we immediately get 

(4.37) ||vrm,l||2,Q, < cWVVmh < c||VWm||2 + c||Bm||2 < C(lto, ...). 
Observing fl4.25p along with fl4.3ip . we hnd 

(4.38) Vm —t V strongly in L^{Qr) as m —)■ -|-cx 3 , 

where v = u + b. Thus, having 

(4.39) V7rm,hm —t VTThm strougly in L^{Qr) as m —)■ 00 , 
where VTThm = —EbXv), it follows that 

(4.40) Zm —t 2 strongly in L^{Qr) as m —)■ -|-cxd. 

Now, with help of fOOll . flTVni and (Ml we get 

lim / (TTm,! + Trm, 2 )V 0 • Zmdxdt = {tTi + TT 2 )V(p ' zdxdt, 


Qr 


Qr 


where 


Vtti = EbXAv), 

V7r2 = EbX-V xu + h). 
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On the other hand, making use of fl4.33p . together with fl4.25p and fl4.40p we see that 


f( 

m-^oo J \l + dm,\Br^ 
Qr 


X bm + ■ (pZmdxdt = {V X b + h) ■ (j)zdxdt. 


Qr 


Furthermore, thanks to (I4.4np we obtain 


lim - [+ A(j))\Zm\‘^dxdt = - [(dtcf) + A(j))\z\‘^dxdt. 

m—>-oo 2 1 2 1 


Qr 


Qr 


Hence, we are in the position to carry out the passage to the limit m —)■ +cxd in fl4.35p to 
get 


lim / (p\VZml'^dxdt 

m—>oo / 

Qr 

1 


(4.41) ~ 2 J A4>)\z\^dxdt + J {V x b + h) ■ (pzdxdt + y (^i + ^ 2 )V0 • zdxdt. 

Qr Qr Qr 

Accordingly, we see that 2 G V‘^(Qr) and 

(4.42) dtZ — Az = — V(7ri + 7 ^ 2 ) — V x u + h in Qr, 

in sense of distributions. Taking into account that 2 G L^{Qr), and V x n G we 

obtain the following energy equality 


Qr 


(4.43) 


(f)\Vz\‘^dxdt 


= - y {dt(j) + A(j))\z\‘^dxdt + J {V x b + h) ■ 4>zdxdt 

Qr Qr 

+ J + 7 r 2 )V 0 • zdxdt. 

Qr 


Thus, observing fl4.25l) . combining fl4.4ip and fl4.43p using a well-known liminf-limsup 
argument noticing that\/ 0 V 2 m —t\/ 0 V 2 weakly in L‘^{Qr) we get 

^V 2 ^ ^a/ 0 V 2 strongly in L^{Qr) as m —>• 00 . 

On the other hand, since vThm is harmonic, thanks to (I4.39p we get 

TTm,hm —t-\/^V^7r >,m strougly in L^{Qr) as m ^ 00. 

As Vvm = VZm — V^7rm,hm G. in Qr, we arrive at 

\/^Vvm -^\/^Vv strongly in L^{Qr) as m ^ 00. 
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Hence, thanks to the embedding V'^(Qr) ^ L^{Qr) along with fl4.3ip we get 
\/^Ura — )-\/0'U strongly in as m —)■ cxd. 


Since the above statement holds for any cylinder Qr C Q, we get the hrst claim fl4.26p of 
the lemma. 

Now, it remains to verify fl4.27p . In fact, according to Lemma l^TTl we have Vm ^ 
L'^iQr), which implies that | x '^m ^ L'^iQr)- This allows us to test fl4.28p with 

6‘^Vmi where 6 G x {to — r^, to])- Arguing as in the proof of Lemma lTTl we obtain 


9‘^{t)\Vm{t)\‘^dx + 



e^WVj^dxds 


Br 


to—r^ Br 


1 

2 



{dtO"^ + A9‘^)\V m\^ dxds 


to—r'^ Br 
t 



Vr 


1 H“ Bfji 


X Ura — h,j ■ V X {9‘^Vm)dxds 


tg—r'^ Br 

for a.e. t G (to — 'r^,to), which leads to 


\ 1/2 

9‘^\Vm\^dxdt j 


Qr 


(4.44) 


< cr + ||n„|| 4 )C(no,...) + C'||'Um||4, 


Qr 


Qr 


\ 1/2 

9‘^\Vra\^dxdt\ 


Whence, the proof of fl4.27p can be completed by a similar argument to the proof of 
Lemma irn by using the strong B convergence fl4.26|) . ■ 


5 Proof of Theorem ll.2l 

Let {Um,Pm, Bm) G Hjy(Q) X B{ 0 ,T] X V(fiy(Q) be a weak solution to the approxi¬ 
mate system (I4.ip - (14.4p such that Vitm G l^oc(Q) (m £ N), which can be guaranteed by 
Lemma irn (for the dehnition of V^oc(Q) ^^e Section 4). 

In our discussion below we use the following notation. Let Xq = {xo,to) G Q. 


E„ 


(r) = Em{r,Xo) ■= (-f \Bm - {Bm)r,Xo\‘^dxdt^ , 
yjQriXo) J 


E^{r) = E^{r,Xo) := { r ^ j \VBm\‘^dxdt 

Qr{Xo) 


1/2 


Hm{r) = Hm{r,Xo) := \\Um\\4.,Qr + r ^||S'|| 2 ,q, 0 < r <v^. 
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Next, we define the set of possible singularities of B by means of S(-B) = 
where 


U n |^oeM2x(r,T) 

0<p<T 0<r<p f 

Soo:=tXoeQ sup =+00 [• 


lim inf Fm(r, Xq) > 7 ^, fc G M, 

m^oo /c 


Let Qr = Qr{Xo) C Q be any cylinder such that condition fl2.13p is fulhlled for 
B = Bm and u = -u^, i- e. 

(5-1) Ci^F,n{rf + IIWmll^Q,} < 

As stated in Remark [2.4[ the condition (12.131) implies (I2.15p . Thus, (15.11) implies 

(5.2) E^{r/2) < ^ 2(1 + \{B^)r,Xo?){F^{r) + F^{rf + H^{r) + H^{rfy 
On the other hand, fl2.16l) with B = Bm and u = Um reads 

(5.3) Fm{r/2) < 03(1 + \ (Bm)r,Xo\)^Em{r) + Em{r)‘^ + Hm{r) + Hm{r)^'^. 

Let Xq G Q\T,{B) be fixed. Set do =i/fo/2 and K = Q^o- Appealing to Lemma lT^ 
and applying Sobolev’s embedding theorem, we see that 


(5.4) \\Um\\8/ii-\),K < L VmGN, 

where L = const > 0 depends on do,Uo, Bq, f and g only. Furthermore, we may choose 
0 < < do such that 

(5.5) Ci\\Um\\XQ^^<^ VmGN, 

where Ci stands for the constant appearing in fl5.ip . Using Hblder’s inequality, recalling 
the assumption on g along with fl5.4p . it follows that 

Hm{r,Xo) < (7r^/®"^/^||'U,„||8/(4-A),i^ + 

(5.6) <C'4r(^-2)/2 V 0<r<i?i. 


Next, we set 

M := 512 sup {\B\)r^Xo + 1 < + 00 . 

0<r<d{Xo/2) 

Let 0 < a < We take r > 0 such that 

(5.7) 2r^-"Uo(l + M^)<^ and <\ 
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(Recall, the constant Co > 0 has been dehned in Lemma lRT]) . 

Now, let £0 = M, L, K, a), Rq = Ro{t, M, L, K, a) and = ^oi^i M, L, K, a) 
denote the numbers according to Lemma lR^ In addition, we dehne £1 > 0 by the relation 

(5.8) 2r-^£i = 1. 

Next we may choose 0 < R 2 < min{i?0) -Ri} such that the following conditions hold 

(5.9) ^2(1 + M^){C4 + Cl)Ri^-^^^^ < ^min{£oCi}, 

o 

(5.10) 2^2 < ^min{£od}- 
Now, we take fc G M such that 

(5.11) C2(l + M2)|i + ^} < lmin{£oCi} and y < 

Owing to Xq G Q \ Sfc eventually replacing R 2 by a smaller number we may also assume 
that lirninfm^-oo-Rm(-R2,-^0) < Accordingly we are able to select a subsequence {rrij} 
such that 

(5.12) Fjn^{R 2 , Xq) < — Vj G N. 

Since Bm B in L^{Qji 2 ) and 5^ —t 0 as m —)■ +00, there exists uiq G M with the 
property 

1 M 

(5.13) i\Bm\)R 2 ,Xo < {\B\)r^,Xo +and 6 ^ < 60 Vm>mo. 

Observing fl5.12p . fl5.1ip and fl5.5p . we have 

(5.14) Ci^^Fm^{R 2 ,Xo) + 4||'Umj4^Q^^(Xo)| < - Vj G N. 

As (15.14p implies (15.2p . employing (I5.13p . (I5.12p and (15.6p . we get 

(5.15) Em,{R2/2,Xo) < C2{1 + M2)|i + 1 + (04 + 02)4"-')/'} 
for all rrij > tjiq. In view of (15.lip and (15.9p . (I5.15|) gives 

(5.16) E^.{R 2 ,Xq) <^mm{eo,ei} \fmj>mo. 

Set i?3 = R2/2. Let Y G Qr^{Xq). Clearly, 

(5.17) EmjiR3,Y) < 2EmjiR2,Xo) < ^min{£od}, 

r M 

(5.18) \{B^ )R^y \ < 256+ \Bmj\dxdt < —. 

Jqr,{Xo) 2 
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We claim that for every i G M U {0}, there holds 


(5.19) + (1 - 2-0r“i?“, 

(5.20) <M-2-*+h 

In fact, for i = 0, fl5.19p is trivially fulhlled, while fl5.20p holds in view of fl5.18p . 

Now, we assume that both fl5.19|) and fl5.20|) are fulhlled for i e iV U {0}. Then fl5.19|) 
together with (15.171) and (15.101) implies 

(5.21) E™^,(r*/23,h') + + 2R^) < min{£o,^i}- 

In particular, observing (15.201) we have 

E^^{YR,,Y) + {YR^r < So, \{B^^)r*R,,Y\ < M. 

Thus, we are in a position to apply Lemma lT^ with R = YR^. This together with (15.191) 
gives 


(r*+'i?3, >^) < 2rC'o(l + M^){Em, {YR^, Y) + 

(5.22) < . (i?3, F) + (1 - • 

Consequently (15.191) holds true for z + 1. 

Now, it remains to show (I5.20p for z + 1. First, from (I5.19p along with (I5.17p and 
(15.1 op we infer 

(5.23) Em,{YR^,Y) < t^\E^^{R:,,Y) + i?“) < r“%i. 

Using the triangle inequality and Jensen’s inequality, we hnd 


(-Bm^)r»+lR3,y I < l(-®mj)T*iZ3,y| + {Bmj)ri+^Rs.,Y ~ {Bmj)T'R3,Y 

< \{Bmj)riR3,Y\ + 2r ^Em,j{YRs,Y). 


Estimating the hrst term on the right by using fl5.20p and the second one by the aid of 
(I5.23P together with (15.7p and (15.8p . we obtain 


\{BmM^R3,Y\ <M- 2-*+i + 2r-VVi 

< M - 2"*+^ + 2"* = M - 2-h 


This completes the proof of (I5.20p for z + 1. Whence, the claim. 

Since fl5.19p holds true for every Y G Qi^3(Xo), by a standard iteration argument we 
get a constant C5 > 0 such that 


(5.24) 



I B>IJIJ (^Bjyij ) 


Y 





VO < r < i?3. 


VFGQiZ3 (Xo). 
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Thus, by means of the lower semi continuity of the L'^-norm the above inequality remains 
true for B. Using the well-known integral characterization of the Holder continuity in the 
parabolic setting[T7], we obtain 


(5.25) 


(For the definition of {Qr^{Xq)) see appendix below). Clearly, fl5.24p shows that 

lim EmAr,Y) = 0 uniformly for Y G and j G M. 

.V, V r\4- 


Hence, in view of fl5.3p we get Y A U^i Taking into account that B is Holder 
continuous on Qpg(Xo), it follows that Qpp(Xo) d Q \ Sqo and thus 


Qr,{Xo)(1Q\E{B). 


Consequently, E,{B) is a closed set. This completes the proof of the main theorem. ■ 
Theorem 5.1. For the singular set constructed in the proof of Theorem ! 1.^ we have 

(5.26) dVgiT^B)) =0 V/3 > 2, 

where dVg{-) is the (3—dimensional parabolic Hausdorff measure. In particular, the Haus- 
dorff dimension of'E{B) satisfies dim^(S(S)) < 2. 

Proof Let 2 < A < X he arbitrarily chosen. First we show that 

dP^(Sfc) = 0 VfcGN. 

Let Xq G Sfc. Fix e > 0. Then there exists 0 < 'r(Xo) < e and m(Xo) G N, such that 



(5.27) 


Qr(XQ)(^o) 


Clearly, the family of cylinders {Qr(Xo)(-^o)}xoeSj, forms a covering of S^.. Thanks to the 
Vitali covering lemma there exists a pairwise disjoint family {Qri(-^i)}ieN Ai := r{Xi)) 
such that {Q3ri(-^i)}ieN covers Sfc. Let G N be arbitrarily chosen. Set 


■= max{m(Xi),..., m(Xjv)}. 


Then, from fl5.27p with Xq = Xi [i = 1, ..., N) and m = niN we infer 



N 


N 


N 


QrXX) 


Q 


< '^kC{\\uo\\2, ...). 


This shows that 


OO 


(5.28) ^ rf < ^^Cdlwolh, ■ ■ ■)■ 


2=1 
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Consequently, dV^iT^k) = 0, which implies that = 0. 

Now, it remains to prove that dVpiTioo) = 0. As we will see below this follows easily 
from the following implication 

(5.29) sup r~^ / \'VB\‘^dxdt < +oo Xq ^ Soo, Xq G Q. 

0<r<y/tQ J 

Qr{Xo) 

Indeed, let Xq E Q such that the condition on the left in fl5.29p holds true. Choose 
0 < po < \/h) sufficiently small (specified below) and set r* = 2“*po (* G N)- 

Fix i G N. By using the parabolic Poincare-type inequality (see Lemma A.l, appendix 
below), arguing as in the proof of fl2.12p . we estimate 


\B-B 


ri,Xo I 


^dxdt 




< c(l + \Br^,x^^)r^ 2 ^ 

Qri 


\XB\‘^dxdt 


(5.30) 


+ c{l + \Bri,Xo\ )r / {\gf + \u\^)dxdt 

Qri 

\ 1/2' 


+ CAr 


-2 


iVBP-f 


\u 


^dxdt j 


\B-B 


ri,Xo 


^dxdt 


Qri 


for an absolute constant Cq > 0. Due to w G L^{Q) and our assumption on Xq we may 
choose p 
leads to 


choose po sufficiently small such that the numerical value in {...} is less than 2 ^, which 


\B-B 


ri,Xo I 


^dxdt 


Qri 


<2c(l + \Br,,xf)rp j\VB\‘‘dxdt 


(5.31) 


Qri 

+ 2c(l -h \Bri,Xo\^)r~'^ J {\g\^ + \u\^)dxdt. 

Qri 


Appealing to LemmaSiH we see that u G L](,^(Q) for all 1 < g < -|-cxd. In particular, 
u G Recalling that g G Ad^’^(Q) and /3 < X from fl5.3ip . we deduce that 


(5.32) 


-f \B - Bri,Xo\‘^dxdt < c(l -h \Bri,Xo\‘^)r 
QrA 


2\^/3-2 


with a constant c > 0 depending neither on r* nor on po. Using the triangle inequality 
and employing 05.321) . it follows that 


(5.33) 


l^r-i+i,Xol 


- \Bri,Xo\ 


< 0,(1 + 
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where Cj = const > 0 is independent on and po- Thns, eventnally replacing po by a 
smaller one, we may assnme that 


i=0 




1 

1 _ 2 (/ 9 - 2)/2 



Then, with help of Lemma lA.2l (see appendix below) from f|5.33|) we conclnde that 


(5.34) |.Br.,Xol < 1 + ViGN, 


what completes the proof of fl5.29|) . 

Now, let £ > 0 be arbitrarily chosen. According to fl5.29p for every Xq G Ego we may 
choose 0 < r = 'r(Xo) < £ snch that 

r~^ j \VB\^dxdt > 

QAXq) 


Thns, by the Vitali covering lemma there exists a pairwise disjoint family {Q^lXi)} 
(fj := r{Xi) snch that {Q^n^Xi)} covers Egg. Similarly to the above we conclnde 

OD 

^ <c£||VB||=. 

i=l 

Thns, dP/ 3 (Ego) = 0, and the proof of the theorem is complete. ■ 
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A Appendix 


For X = {x,t),Y = [y, s) G we define the parabolic metric 
dp{X,Y) = max{|a; — p|, \s — f|^}, X,Y e 


Let Q = Q X {a,b), where hi C R"' is a bonnded domain, and —oo < a < b < -|-cxd. 
Then, for 0 < 7 < 1 we define the space of Holder continnons fnnctions on Q, 
by fnnctions / : Q R snch that 


[/] 


7 

C'T'T 


snp 

X,Y&Q,Xj^Y 


\f{X)-f{Y)\ 

dp{X,Yp 


< -1-CXO. 


The following parabolic version of the Poincare ineqnality has been proved in [2^ 
Lemma B. 3] 












Lemma A.l (Parabolic Poincare-type inequality). Let Qr = Qr{Xo) C (n G N). 

Let u G LP{Qr) be such that Vn G L^^Qr) (1 < p < +oo). In addition suppose that there 
exists feL^iQr) "■ such that dtu = V ■ / in sense of distributions, i. e. 


(A.l) 


Then 

(A. 2 ) 


J udtipdxdt 

Qr 



Vipdxdt 'iif & C’^iQr). 


\u — UQ^fdxdt < cr^ + iVufdxdt + cr 


Qr 


Qr 


\f\dxdt 


Qr 


where c = const > 0 , depending on n and p only, but not on r,u or f. 

The following elementary algebraic lemma has been used in the proof of Theorem l5.ll 

Lemma A.2. Let {Mi} and {Aj} be sequences of positive numbers such that — I? 
and 


(A.3) |Mj+i -Mj\<{l + Mj)Xj Vj G M. 
Then, 

(A.4) Mi<l + 2Mi ViGN. 


Proof We prove the statement of this lemma by induction, 
is trivially fulhlled. Assume, flA.dp holds for j = 1,... ,i. 
inequality and flA.Sp for j = 1 ,..., i we get 


Cleary, for i = 1 the assertion 
Then, with help of of triangle 


^ Ml + — Mil < Ml + \Mj^i — Mj\ 

i=i 

i i 

<Mi + Ed + Mj)\j < Ml + (2 + 2Mi) ^ Aj < 1 + 2Mi. 
i=i i=i 


Whence, the claim is proved. 
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